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a b s t r a c t
We prove a generalization of the Mitchell Lemma, and we show that it is a key lemma that
can be used in order to deduce in a unified easier way several important results. Thus, the
Ulmer Theorem, the generalized Gabriel–Popescu Theorem and the generalized Takeuchi
Lemma are all consequences of the generalized Mitchell Lemma.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The appearance of the Gabriel–Popescu Theorem [5] in 1964 has produced a lot of excitement in the mathematical
literature. The theorem shows that each Grothendieck category is equivalent to a quotient category of a module category.
More precisely, ifA is a Grothendieck category with a generator G, R = EndA(G) is the endomorphism ring of G andMod(R)
is the category of unitary right R-modules, then the functor T : A→ Mod(R) defined by T (X) = HomA(G, X) on objects X
ofA and by T (f ) = HomA(G, f ) : T (X)→ T (Y ) on morphisms f : X → Y inA is fully faithful and has an exact left adjoint
S [5]. The original proof seemed rather complicated, especially the part on the exactness of the functor S. Afterwards, it was
revisited by several authors; among the most elegant and short proofs, in chronological order, are those by Takeuchi [15],
Ulmer [16] and Mitchell [11]. The latter uses an ingenious lemma [11, Lemma], referred to as the Mitchell Lemma, and a
different point of view which employs the existence of enough injective objects in any Grothendieck category. Our goal is
to extend this lemma from module categories to functor categories, and to show how it can be used in order to obtain in
a unified easier way the Ulmer Theorem on the exactness of S, a generalized Gabriel–Popescu Theorem and a generalized
Takeuchi Lemma. Having the generalized Mitchell Lemma, the order in which we prove the results will be different than
usual: first, we show that the functor T remains full and faithful on a certain subclass of objects ofA, thenwe give a newproof
of theUlmer Theoremon the exactness of S, and finallywe deduce a generalizedGabriel–Popescu Theoremand a generalized
Takeuchi Lemma. The key ingredients will be the existence of enough injective objects in Grothendieck categories [7] and
the Baer criterion for injectivity in Grothendieck categories with a generating family [1].
2. A generalization of the Mitchell Lemma
We shall use the following setting and notation throughout the paper. For general terminology for categories we refer
the reader to [10]. LetA be a Grothendieck category, that is, an AB5 category with a generator. LetU be a set of objects ofA.
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We denote by Gen(U) the full subcategory ofA consisting of theU-generated objects, that is, objects A ofA for which
there is an epimorphism from a coproduct of objects of U to A. Then in general Gen(U) is a preabelian subcategory of A
(i.e., it has kernels and cokernels). In fact, the kernel of a morphism f in Gen(U) is the trace ofU in the kernel Ker(f ) of f
in A (i.e., the sum of all images of morphisms h : U → Ker(f ) with U ∈ U), whereas the cokernel of f in Gen(U) is the
same as its cokernel inA. For instance, ifU consists only of the group Q of rational numbers, then Q/Z ∈ Gen(Q), and the
canonical morphism f : Q→ Q/Z is a monomorphism in the category Gen(Q). We denote byAU the class of objectsM of
A such that for every morphism f :U∈F U → M inAwith F a finite subset ofU, Ker(f ) ∈ Gen(U).
Let (Uop,Ab) be the category whose objects are the additive contravariant functors fromU to the category Ab of abelian
groups, and whose morphisms are the natural transformations between such functors. It is well-known that (Uop,Ab) is a
Grothendieck category, and the contravariant representable functors (hU)U∈U, where hU = HomA(−,U), form a generating
family of finitely generated projective objects for (Uop,Ab).
Consider the functor T : A → (Uop,Ab) defined by T (X) = HomA(−, X)|U on objects A of A, and by T (f ) =
HomA(−, f )|U : T (X) → T (Y ) on morphisms f : X → Y between objects in A. Then it is known that T has a left adjoint
S : (Uop,Ab)→ A (e.g., see [4, Chapitre 5, Proposition 1.1], [16], [3, p. 84] and [10, Chapter IV, Theorem 5.2]). In particular,
we have S(hU) = U for every U ∈ U. We denote by ν : ST → 1A and η : 1(Uop,Ab) → TS the counit and the unit of the
adjunction (S, T ) respectively.
For a morphism f : A → B inA, we denote its kernel by ker(f ) : Ker(f )→ A and its image by im(f ) : A → Im(f ). Now
we are ready to establish a generalization of the Mitchell Lemma [11, Lemma].
Lemma 2.1. LetU be a set of objects of A, A and B objects of A with A ∈ AU, MA a subobject of T (A) and G : MA → T (B) a
morphism in (Uop,Ab). Define M = U∈UMA(U) and for every m ∈ M take some Um = U ∈ U for which m ∈ MA(U). For
every m ∈ M, denote by um : Um →m∈M Um the canonical injection. Let ψ :m∈M Um → A be the unique morphism such
that ψum = m for every m ∈ M, and φ :m∈M Um → B the unique morphism such that φum = GU(m) for every m ∈ MA(U).
Then φ factors through Im(ψ).
Proof. The existence and uniqueness of the morphisms ψ and φ follow by the universal property of the coproduct. Define
µ = ker(ψ) : K →m∈M Um. The required assertion is equivalent to φµ = 0. Let F be a finite subset of M , and consider
the morphism β = m∈F umpm, where pm : m∈F Um → Um is the mth canonical projection. By taking the pullback of µ
and β , we have the induced commutative diagram with exact rows:
0 / K ′
α

µ′
/

m∈F Um
β

π ′ / Coker(µ′)
γ

/ 0
0 / K
µ
/

m∈M Um
φ

π /
ψ
&MM
MMM
MMM
MMM
M
Coker(µ)
i

/ 0
B A
where i : Coker(µ) → A is the inclusion morphism. By [14, Chapter IV, Proposition 5.1], µ′ = ker(πβ); hence
µ′ = ker(iπβ) = ker(iγπ ′). Since A ∈ AU and K ′ = Ker(iγπ ′), we have K ′ ∈ Gen(U). We continue the proof as in
the Mitchell Lemma [11, Lemma], giving only some details. SinceA is an AB5 category, it follows that φµ = 0 if and only if
φµα = 0 for every finite subset F ofU if and only ifφµαδ = 0 for every finite subset F ofU and everymorphism δ : V → K ′
with V ∈ U. Now let δ : V → K ′ be a morphism with V ∈ U and let F = {m1, . . . ,mn}, where eachmi ∈ MA(Ui). Since G is
a functorial morphism, we have the following commutative diagram:
MA(Ui)
GUi

MA(pmiµ
′δ)
/ MA(V )
GV

HomA(Ui, A)
HomA(pmiµ
′δ,1A)
/ HomA(V , A)
Then it follows that:
φµαδ = φ

n
i=1
umipmi

µ′δ =
n
i=1
GUi(mi)pmiµ
′δ =
n
i=1
GV (mipmiµ
′δ)
= GV

n
i=1
mipmiµ
′δ

= GV (ψµαδ) = 0,
as needed. 
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3. Applications
In this section we show how the generalized Mitchell Lemma (Lemma 2.1) can be used in order to deduce several
important results, such as the Ulmer Theorem, the generalized Gabriel–Popescu Theorem and the generalized Takeuchi
Lemma. But first we establish the following proposition.
Proposition 3.1. Let A and B be objects ofA with A ∈ AU ∩ Gen(U). Then:
(i) The map HomA(A, B)→ Hom(Uop,Ab)(T (A), T (B)) defined by the assignment f → T (f ) is bijective.
(ii) The canonical morphism νA : ST (A)→ A is an isomorphism.
Proof. (i) Let f : A → B be a morphism such that T (f ) = 0. Note that T (f )(U) : HomA(U, A)→ HomA(U, B) is defined by
T (f )(U)(α) = f α for every α ∈ HomA(U, A). Then T (f )(U) = 0 for every U ∈ U, and furthermore, T (f )(U)(α) = f α = 0
for every α ∈ HomA(U, A). Since A ∈ Gen(U), we have f = 0.
Now let G : T (A)→ T (B) be a morphism. We use the notation from Lemma 2.1. Since A ∈ AU, by using Lemma 2.1 for
MA = T (A) there is a morphism f : A → B in A such that fψ = φ. Then for every m ∈ HomA(U, A) = T (A) = MA and
every U ∈ Uwe have T (f )(U)(m) = fm = fψum = φum = GU(m). It follows that T (f ) = G.
(ii) By (i) and the adjunction we have the following commutative diagram:
HomA(A, B)
u→T (u)
∼=
/
u→uνA

Hom(Uop,Ab)(T (A), T (B))
HomA(ST (A), B)
∼=
v →T (v)ηT (A)
/ Hom(Uop,Ab)(T (A), T (B))
Indeed, for every u ∈ Hom(A, B), we have T (u)T (νA)ηT (A) = T (u). It follows that the morphism HomA(A, B) →
HomA(ST (A), B) given by u → uνA is a functorial isomorphism in B, and so the covariant functors hA = HomA(A,−) ∼=
HomA(ST (A),−) = hST (A) are isomorphic via the morphism νA. Now it follows from the Yoneda Lemma that νA is an
isomorphism. 
We shall need the following Baer-type criterion for injectivity (see [1, Proposition 1.13, p. 11]). Recall that an object A of
a GrothendieckA is called V-injective for some object V ofA if for every subobject X of V , every morphism X → A extends
to a morphism V → A.
Proposition 3.2. LetA be a Grothendieck category with a generating family V . Then an object A ofA is injective if and only if it
is V -injective for every V ∈ V .
Now we are in a position to give a new proof of the Ulmer Theorem [16, Theorem] essentially based on the generalized
Mitchell Lemma and the above Baer-type criterion for injectivity.
Theorem 3.3 (Ulmer). The functor S : (Uop,Ab)→ A is exact if and only ifU ⊆ AU.
Proof. Note that sinceA has enough injectives, S is exact if and only if T preserves injective objects.
Assume that U ⊆ AU and let Q be an injective object of A. In order to prove that T (Q ) is injective in (Uop,Ab) it is
enough to check the Baer-type criterion given by Proposition 3.2, that is, injectivity relative to any generator hU = T (U)
with U ∈ U. To this end, let U ∈ U, and let j : MU → T (U) be a monomorphism and f : MU → T (Q ) a morphism
in (Uop,Ab). Define M = V∈UMU(V ) and for every m ∈ M take some Vm = V ∈ U for which m ∈ MU(V ). Now use
Lemma 2.1 for A = U and B = Q to deduce the existence of a factorization of the morphism φ : m∈M Vm → Q through
Im(ψ) by some morphism h : Im(f ) → Q . By the injectivity of Q , h extends to a morphism u : U → Q , and we have
uψ = φ. It follows that T (u)j = f , and so T (Q ) is injective. Hence S is exact.
Conversely, assume that S is exact. Let U ∈ U and let f : U1 ⊕ · · · ⊕ Un → U be a morphism in A for some objects
U1, . . . ,Un ∈ U. Since T is left exact, we have the following commutative diagram:
0 / ST (Ker(f )) /
νKer(f )

ST (U1 ⊕ · · · ⊕ Un) /
νU1⊕···⊕Un

ST (U)
νU

0 / Ker(f ) / U1 ⊕ · · · ⊕ Un / U
Sincewe have ST (U) = U and ST commutes with finite direct sums, it follows that νU and νU1⊕···⊕Un are isomorphisms. Then
νKer(f ) is an isomorphism. By the construction of S, we have S(T (Ker(f ))) ∈ Gen(U), whence Ker(f ) ∈ Gen(U). 
As a consequence now we may immediately deduce the following generalized version of the classical Gabriel–Popescu
Theorem [5].
Theorem 3.4 (Generalized Gabriel–Popescu). Assume thatU is a family of generators of A. Then T : A → (Uop,Ab) is a full
and faithful functor, and its left adjoint S : (Uop,Ab)→ A is exact.
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Proof. It follows by Proposition 3.1, Theorem 3.3 and the fact thatA = Gen(U). 
Remark 3.5. (i) Note that Theorem 3.4 shows in fact that A is a quotient category of (Uop,Ab), and the classical Gabriel–
Popescu Theorem is obtained forU = {U}.
(ii) The generalized Gabriel–Popescu Theorem 3.4 was previously established by some authors (see [2,6,12,13]), but their
proofs mainly use the rather complicated approach of the original Gabriel–Popescu Theorem.
We have a characterization of the situation when the above functor T is an equivalence of categories. We omit the proof
since the result can be easily deduced from Theorem 3.4, and has previously appeared in various forms (e.g., see [10] or [9]).
Corollary 3.6. Assume thatU is a family of generators ofA. Then T : A→ (Uop,Ab) is an equivalence of categories if and only
ifU is a family of small projective objects ofA.
We may refine the above equivalence as follows. Recall that Ker(S) is the class of objects K in (Uop,Ab) such that
S(K) = 0, and an object M of (Uop,Ab) is called Ker(S)-closed if for every morphism g : L → N in (Uop,Ab) with
Ker(g), Coker(g) ∈ Ker(S), every morphism L → M extends to a morphism N → M .
Proposition 3.7. Assume that U ⊆ AU. Then there is an equivalence of categories between AU ∩ Gen(U) and the full
subcategoryB of (Uop,Ab) consisting of the Ker(S)-closed objects X such that S(X) ∈ AU ∩ Gen(U).
Proof. Note that, sinceU ⊆ AU, S is exact by Theorem 3.3.
First, let A ∈ AU ∩ Gen(U). In order to show that T (A) is Ker(S)-closed, let g : X → X ′ and f : X → T (A) be morphisms
in (Uop,Ab) such that Ker(g), Coker(g) ∈ Ker(S). Then S(g) : S(X)→ S(X ′) is an isomorphism, and so there is a morphism
γ : S(X ′)→ A such that γ S(g) = νAS(f ). By naturality it follows that
T (γ )ηX ′g = T (γ )TS(g)ηX = T (γ S(g))ηX = T (νAS(f ))ηX
= T (νA)TS(f )ηX = T (νA)ηT (A)f = f ,
which shows that f : X → T (A) extends to T (γ )ηX ′ : X ′ → T (A). The uniqueness of such an extension follows by the
adjunction. Thus T (A) is Ker(S)-closed. By Proposition 3.1, we have ST (A) ∼= A. It is then clear that T (A) ∈ B.
Now let X ∈ B. Then S(X) ∈ AU ∩Gen(U). We claim that ηX : X → TS(X) is an isomorphism, which will end the proof.
Since νS(X)S(ηX ) = 1S(X) and νS(X) is an isomorphism by Proposition 3.1, so is S(ηX ). Hence Ker(ηX ), Coker(ηX ) ∈ Ker(S).
Since X is Ker(S)-closed, there is a morphism ε : TS(X) → X such that εηX = 1X , and so TS(X) ∼= Im(ηX ) ⊕ Y for some
object Y . But Y is Ker(S)-closed and Y ∈ Ker(S), and so Y = 0 and TS(X) ∼= Im(ηX ). It follows that ηX is an isomorphism. 
For his short proof of the classical Gabriel–Popescu Theorem [15], Takeuchi proved a fundamental lemma, which may
also be of independent interest. Nowwe can immediately obtain a generalization of this Takeuchi Lemma (we point out that
the original proof by Takeuchi did not use the result that every Grothendieck category has enough injective objects).
Corollary 3.8. Let A be an object ofA, let YA be a subobject of T (A) and denote by i : YA → T (A) the inclusion morphism.
(i) IfU ⊆ AU, then S(i) is a monomorphism.
(ii) If A ∈ AU ∩ Gen(U), then the canonical morphism νA : ST (A)→ A is an isomorphism.
Proof. (i) SinceU ⊆ AU, S is exact by Theorem 3.3. Then S(i) is a monomorphism.
(ii) This follows by Proposition 3.1. 
Remark 3.9. One can extend all the above results by considering a functor F : V → A from a small preadditive categoryV
toA instead of the inclusion functor F : U→ A. This approach was used by Lowen [8] in order to obtain a generalization
of the Gabriel–Popescu Theorem.
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